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Figurel: We presentnaw techniqueo extracthigh quality trianglemeshedrom volumerepresentationsf geometricobjects.The
two maincontritutionsareanenhancedlistance eld representatiorandanextendedMarching Cubesalgorithm Theabove gures
shaw reconstructionsf thewell-known “f andisk”datasefrom its distanceeld representationThedistanceeld hasbeensampled
onauniform65 65 65 grid. ThefarleftimageshavsthestandardviarchingCubegeconstructioncentedeft is thereconstruction
by the samealgorithmbut appliedto the enhancedlistanceeld with the sameresolution.Centerright shavs the resultof our new
extendedMarchingCubesalgorithmappliedto the original volumedata,and nally onthefarright we shav the reconstructiorby
our new algorithmappliedto theenhancedlistanceeld. Theapproximatiorerrorto the original polygonalmodelis below 0:25 %.

Abstract

The representatiof geometricobjectsbasedon volumetricdata
structureshas advantagesin mary geometryprocessingapplica-
tionsthatrequire,e.g.,fastsurfaceinterrogationor booleanopera-
tionssuchasintersectiorandunion. However, surfacebasedalgo-
rithmslik e shapeoptimization(fairing) or freeformmodelingoften
needatopologicalmanifoldrepresentatiowhereneighborhoodn-
formationwithin the surfaceis explicitly available. Consequently
it is necessaryo nd effective corversionalgorithmsto generate
explicit surface descriptionsfor the geometrywhich is implicitly
de ned by avolumetricdataset. Sincevolumedatais usuallysam-
pled on a regular grid with a given stepwidth, we often obsere
severealiasartifactsat sharpfeatureson the extractedsurfaces.In
this paperwe presenta new techniquefor surfaceextractionthat
performsfeaturesensitve samplingandthusreduceghesealiasef-
fectswhile keepingthe simplealgorithmicstructureof thestandard
Marching Cubesalgorithm. We demonstrateéhe effectivenessof
the new techniquewith a numberof applicationexamplesranging
from CSG modelingand simulationto surfacereconstructiorand
remeshingf polygonalmodels.

1 Introduction

Therearetwo majorclasseof surfacerepresentations computer
graphics: parametric surfacesand implicit surfaces A paramet-
ric surface is usually given by a function f that maps some 2-
dimensionalmaybenon-planarparametedomainWinto 3-space
while an implicit surface typically comesas the zero-level iso-
surfaceof a 3-dimensionakcalar eld f(x;y;2) (volumerepresen-
tation). From an abstractpoint of view, parametricsurfacesare
de ned astherange of afunctionandimplicit surfacesarede ned
asthe kernel of a function. Therefore,someoperationsare much
easietto performon eitherrepresentation.

For parametricsurfacese.g.,it is very easyto enumeratoints
on the surfaceby evaluatingthe function f at differentparameter
valuesin thedomainW. Neighboringor "geodesicly’nearbysam-
plesps = f(ug;v1) andpz = f(uz; v2) canbeidenti ed by measuring
the differenceof the correspondingparametewralues(us;vi) and
(u2; v2). However, givena pointp in 3-spacat is not thateasyto
checkif this point lies on the parametricsurface or not. On the
otherhand,checkingif agivenpointp liesonanimplicit surfaceis
trivial sincewe just have to evaluatef(p). However, enumerating
pointson animplicit surfaceis not straightforvard.

Thechoiceof thebestsuitedsuriacerepresentationonsequently
depend®on the expectedoperationpro le in aspeci c application.
Neverthelessto obtainmaximum e xibility, it is necessaryo de-
velop algorithmsfor the conversionbetweenboth representations.
Corversionfrom parametrido implicit requireso computethesur
facesdistanceeld [25] while corversionfrom implicit to paramet-
ric is usuallydoneby nding surfacesamplesandconnectinghem
to a polygonalmesh[3, 39]. Higherorderparametricrepresenta-
tions suchasNURBS are usually constructedn a secondstepby
surface tting technique$18].

In this papemwe proposeanew techniqudor thecornversionfrom



the volumerepresentatiolof an objectto the polygonalmeshrep-
resentatiorof its surface. The surfaceextraction algorithmis an
extensionof the well-known Marching Cubesalgorithm[21] with
anenhancedjuality of the outputmesh.

The majormotivation for the developmentof the new technique
arethe severealiasartifactsthat canbe obsered at sharpfeatures
of the convertedsurfaces. Theseartifactsare due to the fact that
Marching-Cubes-typalgorithmsprocessliscretevolumedataand
the samplingof theimplicit surface f(x;y;z) = 0 is performedon
the basisof a uniform spatialgrid. Figurel shaws the effectona
CAD example.In apreprocessve corvertedthewell-known "fan-
disk” modelinto avolumerepresentatioby evaluatingits distance

eld onauniform65 65 65grid. Whencorvertingtheimplicit

representatiobackto a polygonalmeshby usingthe standardMC
algorithm, the reconstructiomearthe sharpfeaturesis very bad
(far left imagein Fig. 1). The size of theseartifactscould be re-
ducedby re nementof the underlying3D grid but the basicalias
problemwill not be solved sincethe surfacenormalsof the recon-
structedmeshwill not convergeto thenormal eld of the original
3D model.

The centralcontributionsof this paperare:

We proposeanenhancedepresentationf thediscrete
distanceeld: Insteadof usinga scalar distancevalue
for eachgrid point of a uniform spatialgrid, we store
directeddistancesn x, y, andzdirection. This allows us
to nd moreaccuratesurfacesamplescomparedo the
approximatesamplebtainedby linearinterpolationof
the grid values.As it turnsout, the generatiorandhan-
dling of directeddistanceelds is no morecomplicated
thatthe processingf scalardistanceelds.

We presentan ExtendedMarching Cubesalgorithm
that detectsthosegrid cells throughwhich a sharpfea-
ture (edgeor corner)of the consideredsurface passes.
Basedonthelocaldistanceeld informationandits gra-
dient, additionalsamplepointslying on the featureare
computedandinsertednto the mesh.Consequentlyve
obtaina noticeablyimproved approximationof the un-
derlying surface (cf. Fig. 1) with signi cantly reduced
aliasandthe guarantedhat the surfacenormalsof the
approximatiormquickly corvergeto theoriginal surfaces
normals. The necessangradientinformation can be
sampledfrom the original distance eld or estimated
from atri-linear interpolant.

Thealgorithmicstructureof the extractionalgorithmis identical
to the original Marching Cubesalgorithm, i.e., every cell of the
discretedistance eld is processedeparatelyanda surfacepatch
is generatedasedon local criteriaonly. The collection of these
smallpieceseventuallyyieldsatrianglemeshapproximatiorof the
completesurface.

Both componentganbe usedindependentlyo improve the sur
faceextraction, i.e., standardViarching Cubesappliedto the en-
hancedlistanceeld representatioaswell asthe extendedMarch-
ing Cubesappliedto standardlistanceelds bothimprovethequal-
ity of the resultingmeshto a certaindegree. The bestresultsare
obtainedf bothcomponentarecombined(cf. Fig. 1).

We will startwith a brief overvien of relatedwork in the con-
text of polygonalsurfaceextractionfrom volumedata.In Section3
we will thenmotivate andjustify our alternatve representatioiof
thedistanceeld functionwhich eliminatesthe approximationer-
ror thatis introducedby samplinga piecevise tri-linear function
insteadof the original distanceeld. In Section4 we explain the
detailsof our extendedMarching Cubesalgorithm that generates
afeaturesensitve trianglemeshapproximatiorby takingthelocal
gradientof thedistanceeld into account.Eventually in Section5
we will shav a numberof applicationghatdemonstratehe effec-
tivenesof our algorithm. The examplesincludethe generatiorof
high quality triangle meshmodelsfor implicitly de ned CSGob-
jects,thesimulationof milling processeghesurfacereconstruction

from scatteredpoint cloudsandthe remeshingof polygonalmesh
models. The variety of applicationsindicatesthe e xibility of the
algorithm.

2 Related work

The basic conceptbehind volume representationgor geometric
modelsis thatthey characterizehe whole spaceenclosingan ob-

ject. By thisthey areindependentrom the actualsurfacetopology

andthisis why volumerepresentationarepreferredn applications
wherethetopologyof anobjectcanbecomplicatecbr evenchanges
duringanoperation.

There are different conceptualframevorks for volume-based
(implicit) surfacerepresentationsamongthem are algebraicsur
faceg[4], radial basisfunctions[42] andvoxelizations[5, 15, 22].
In ary caseasurfaceSis representedsthe zero-level iso-surfice
of ascalarvaluedfunction f : IR3! IR. To efciently processvol-
umerepresentationgnegeneratea discreteapproximatiorof the
continuousscalareld f by samplingthefunctionona sufciently

ne spatialgrid gj; ;.

In the areaof volume graphics[13, 15, 26, 34], techniques
have beeninvestigatedo usevolume representationasa univer-
salgraphicsprimitive andto visualizeandmodify suchrepresenta-
tions directly without intermediatecorversion. However, in mary
geometricmodeling and processingapplications,explicit surface
representationare necessaryo satisfy the geometricquality re-
quirementsandto provide direct accesgo inherentsurface prop-
ertiessuchasthe geodesimeighborhoodelation and differential
geometriccharacteristicgée.g. cunvatures).Consequentlymuchef-
fort hasbeenspendto develop ef cient and e xible algorithmsfor
theextractionof explicit surfaceinformationfrom volumedatasets.

Two subproblem$iave to be solved in this contet: rst, nd a
densesetof surfacesamplesandthenconnectthemin atopologi-
cally consistenmannetto obtainasufciently closeapproximation
of the original surfaceS. In generalwe distinguishbetweengrid-
basedechniguesndgrid-lesstechniques.

Figure2: Theadaptve octreere nementyieldsasetof nest-level

cellswhoseunioncompletelycontainghesurfaceS. Any algorithm
appliedto thevolumerepresentationf thesurfacecanberestricted
to thesecells.

Grid-lesstechniquesstartwith someinitial polygonalmeshap-
proximationof the surfaceSthatis iteratively improved by attract-



ing the meshverticesto thesurfaceS. Thescalareld f senesas
apotential eld to guidethe movementof the vertices. Sincethis
attracting force actingon the meshverticescanbe combinedwith

aregularizing force which tendsto improve the aspectatio of the
triangles grid-lesstechniquesisuallyleadto high quality meshesf

theunderlyingsurfaceSis smooth[23, 30, 40, 43]. However, in the
presencef sharpfeaturesin the surface,aliaseffectsbecomevis-

ible which arepartially dueto the nite discretizatiorof the scalar
eld f but alsodueto thefactthatmeshverticesarenot explicitly

attractedo thosefeaturegandhenceverticeshit the featuresonly
statistically).

The grid-basedtechniquesxtract a piece of the surface S for
eachcubiccell in thegrid g;.j.x. Surfacesamplesarecomputedby
(approximate)intersectiono# the cell edgeswith the surfaceand
a triangle meshis generatedhat connectsthesesamples. Most
grid-basedechniquesreconceptuallyderived from the Marching
Cubesalgorithm[21] wherea pre-processettiangulationis stored
in atablefor all possiblecon gurationsof edgeintersectionsMany
variantsof this basicalgorithmhave beenpublishedwhich resohe
ambiguitied32, 33] or suggeshlternatve waysto approximatehe
surfacesampleg31].

Sincethe compleity of the uniform grid g;;.x increasesubi-
cally, with decreasingtepwidth h, oneoften adaptshe sampling
densityto thelocal geometricsigni cancein thescalareld f. Hi-
erarchicalsamplingschemedik e the octree techniquestart with
a very coarseroot cell. This cell is adaptvely re ned to capture
moreandmoredetailsof the function f andhenceof the surfaceS
(cf. Fig. 2). The adaptve re nement of the octreedatastructure
allows the Marching Cubesalgorithmto checkon a rathercoarse
discretizationlevel if relevant partsof the geometryare contained
in thecurrentcell or its descendant0].

If the considerectell lies completelyinside or completelyout-
side the object then further re nement doesnot improve the ap-
proximationof thesurface.This simplecriterionyieldsauniformly
re ned "crust” of nest-level cellsaroundthe surfaceS (cf. Fig. 2).

In [13, 37] thecompl«ity of theadaptvely re ned octreeis fur-
therreducedoy subdviding cellsonly in curvedregionsof the sur
face. However, althoughthis optimizesthe sparsityof the octree
representationit implies somedif culties sincethe piecavise tri-
linear interpolantof the grid datain the vicinity of the surfaceis
no longer continuousand hencesereral specialcaseshave to be
handled.

Ournew surfaceextractionalgorithmis anextensionof thestan-
dardMarchingCubegechniqueandhencegrid-basedIt appliesan
adaptve re nementstratgyy which splitsonly thosecellsthatcon-
tainapieceof thesurfaceS. By thiswe obtainacrustof nest level
cells aroundthe surfaceandgeneratene or more suracepatches
for each.Sincewe processvery cell separatelyve canconceptu-
ally assumave have a uniform grid andthe adaptve octreetraver-
salenumerates part of its cells. This simpli es the explanations
in the following sections. Neverthelessthe presentedechniques
shouldalwaysbe understoodo be embeddedn anadaptve octree
traversalscheme.

3 Distance eld representation

For a givensurfaceS  R3 a volumerepresentatioronsistsof a
scalarvaluedfunction f : IR3! IR suchthat

xy.422s () f(xygd=20
If we assumethat f is a continuousfunctionthen S is a surface
without boundaryand canbe consideredasthe outersurfaceof a
solid object.

Obviously, the function f is not uniquely de ned for a given
surfaceS. Onenaturalchoice,however, is the signeddistance eld

functionwhich assigngo every point[x;y; 7] 2 IR® its distance

f(xy,2 = dis((xy;2;9

with a positive signfor pointsoutsidetheregion enclosedy Sand
anegative signfor pointsinsideS.

Basedon this representatiomary operationdik e pointlocation
or booleanoperationsanbeimplementedyuite ef ciently, e.g.,

Xy4d25\S , maxfi(xy2;f2(xy.2g= 0
xyd2 §[S , minffi(xy2;faxy,2g= 0
xy.4 2 §nS , maxfi(xy2; fa(xy.2g=0

whichis thereasorwhy distanceeld representationarevery pop-
ularin solid modelingapplications.

The standardvay to storethedistanceeld f for asurfaceSin
anefcient datastructureis to samplef on a uniform spatialgrid
gi;j;k = [ih; jhikh]. Thesampleddistances

di.jx = f(ih;jhikh)
canbeinterpolatecbn eachgrid cell
Gi;jk(h) = [ih;(i+ 1)h]

by atri-linearfunctionsuchthatwe obtainapiecavisetri-linear ap-
proximationf to theoriginaldistanceeld f andacorresponding
surfaceS de nedby f (x;y;2 = 0whichapproximates.

The Marching Cubesalgorithm generates triangle meshap-
proximationof S from f by exploiting the fact that the piece-
wisetri-linear functionis actuallylinear alongeachedgeof a cell
Ci;j;k(h). Hence, samplepoints on the surface S can be found
quite easily by linear interpolationof the distancevaluesd;jx at
two neighboringgrid pointsg;:j:k-

Themajorlimitation of this simpletechniques thatthe samples
onS arenotnecessarilgloseto Sin thevicinity of sharpfeatures.
Figure3 shavs anextremeexamplein two dimensionsi.e.,contour
extractionfrom atwo dimensionablistanceeld. Herethedistance
eld interpolationfails becausdothgrid points nd theirminimum
distancen differentdirections. This directionalinformationis not
capturedby the scalarvalueddistancesamplesand hencethe in-
terpolantf is aninsufcient approximationof the true distance
eld f. Figure5 shavsthis effectin athreedimensionakxample.

[ih(j+Dh] [kh;(k+ 1)h]

Figure3: Considertwo neighboringgrid points(green)in thevicin-
ity of a sharpfeature(corner)of the contourS (red). Samplingthe
scalarvalueddistancefunction f atbothgrid points(blue)andesti-
matingthe samplepoint by linearinterpolationleadsto a badesti-
mation(black)of thetrueintersectiorpointbetweertheredcontour
andthegreencell edge.

Toimprovetheapproximatiorkf f k onecouldre ne thedis-
cretizationgrid h ! h%< h or switch to higherorder polynomial
interpolantswithin eachcell C;;j:«(h). However, in the rst casethe
improved accurag of the samplescomeswith are ned triangula-
tion andhencea largernumberof trianglesin the outputmeshand
in thesecondcasethe local computationsaregettingmorecompli-
catedwhich affectsthe overall simplicity of the algorithm.



Thereforewe suggesathird alternatve to avoid thesedif culties
by usinga differentdiscretizatiorof the distanceeld f whichwe
callthedirecteddistanceeld . Forthisdatastructurene exploit the
factthatthe Marching Cubesalgorithmcomputessurfacesamples
only onthecell edges Consequentlyit is notnecessario generate
a continuousfunction f which approximatesf in the interior of
thecells.

For the directeddistanceeld, we storeat eachgrid point g;- j.k
threedirecteddistancesn (positive) x, y, andz directioninsteadof
thescalavalueddistances;;j , i.e.,
dist, *
disjik = dist,

dist,

Negative distancesaluesagainindicatethatthegrid pointliesinside
the objectwhile positive distancegoint outside.

Theprocessingf directeddistanceelds is identicalto the pro-
cessingof scalardistance elds. The min/max computationsfor
thebooleamoperationsave to be appliedcomponentwiséo thedi-
recteddistancese.g.,the directeddistanceeld for S= S\ S is
obtainedby

maxf disty.y; distx.xg #

di;jx = max disty,y; dist:yg

maxf disty.z; disty.,g

The Marching Cubesalgorithmcanbe appliedto the directeddis-

tance eld datastructurewithout signi cant modi cations. Thelo-

cal con guration canstill be derived from the sign patternat the

cell's cornerssincethe threedirecteddistancesat one grid point

alwayshave the samesign (inside/outsidestatus).
Theintersectionpoint, e.g.,for the cell edgebetweeng;;j.x and

gi+ 1)k is computedby

s = (1 jdi;jk{i=h) gi;jk + (di;j:k[Xli=h) gi+ 1k

andis valid if di;i;k[x] anddi. 1;j:k[X] have oppositesigns.

Althoughstoringthedirecteddistances;: j increaseshemem-
ory consumptiorby a factor of three,we have the advantagethat
samplepointslying exactly on the surface S are available for the
Marching Cubesalgorithm (cf. Fig. 4). As demonstratedn Fig-
ure5, thisimprovesthequality of theextractedsurfacesigni cantly
in thevicinity of sharpfeatures.

Figure4: If we storedirecteddistancegblue)in x andy directionat
every grid point (green),we cancomputeexactintersectionpoints
of thecontourwith thecell's edges.

3.1 Generation of directed distance elds

It appearsomputationallymoreinvolved to evaluatethe directed
distancesomparedo thescalamistancesHowever, for mosttypes
of input datait turnsout thatdirecteddistancesrerelatively easy
to compute.In fact, the averagecomputationakffort is lower than
for scalarvalueddistancecomputationgwherewe have to search
in all directions)andalsolower thanfor generaray tracing(where

intersectionsanhappereverywherealongtheray). We will focus
oncomputationaimethoddor thedistanceeld evaluationalthough
recently graphicshardware acceleratedechniqueshave beensug-
gested11].

Two differentapproachesre possible. Oneis to computethe
intersectiondor eachcell edgeseparately Here we can exploit
the locality of the interrogationsinceeachedgehasonly a small
lengthh. Notice thatfor all discretevolumerepresentationglis-
tanceswvith anabsolutevaluelargerthanh areirrelevantsincethey
are not usedfor samplepoint computationgduring the Marching
Cubesalgorithm.

The secondapproactis to combinecollinearcell edgesge.g.,to

g(l) = go;jx*+ | [1;0;0] andthencomputeall intersectionslong
thisray. Theintersectiorpointsarethenusedto storethe directed
distancestthe correspondingrid pointsg;; j:x.

Implicit surfaces Forageometricobjectde ned by animplicit
function f we nd thedirecteddistancedor a grid point by a uni-
variateroot nding schemd24] whichbecomegparticularlysimple
sincewe only searchalongthex, y, or z axis, e.g.,for theedgebe-
tweenthegrid pointsgjx andgj+ 1:j:x, we have to solve

f(t) = f(ih+t;jhkh) = 0,  t2[0;1]:
For a reasonablysmall grid sizeh we can nd a sufciently good
startingvaluefor t and Newton iterationswill quickly converge to
the exact solution. Notice that closestpoint searchfor animplicit
surfaceis muchmorecomplicatedhanray intersectior{4].

Polygonal meshes If ourgeometrimbjectis givenby apolyg-
onal mesh,the directeddistancecomputationcan useall the ac-
celerationtechniqueghat have beendevelopedfor fastray-tracing
algorithmg[2]. In ourimplementatiorwe usea binary spaceparti-
tion tree[35] to quickly nd thetriangleswhich arecandidatesor
anintersectionFor eachgrid pointg; j.x weidentify thetrianglesin
ah+ esphereandthencomputeintersectionsvith theaxisaligned
raysin positive x, y, andz directions.

Sincewe know that our inquiry points g;;j:x lie on a uniform
spatialgrid we can exploit this regular structureto optimize the
BSP-treeln fact,usingtheoctreespacepartitioningimplied by the
grid cellsC;;j:k(h) themselesseemdo bethe optimum.

Point clouds Volumerepresentationf®r pointcloudsareanef-
fectivetool whichis usedn mary surfacereconstructiormlgorithms
[7, 17]. To de ne a signeddistanceto the point cloud, eachpoint
hasto be equippedwith a properlyorientednormalvector[1, 17].

Togethemwith its normaleachpoint de nesatangentplaneele-
mentandthe signeddistancefrom a querypoint g to the cloud
is de ned asthe signeddistanceto the tangentplaneof the nearest
neighbor

Computingdirecteddistancegequiresthe intersectionof rays
with the point cloud. In ourimplementatiorwe useda variationof
thetechniqueproposedn [9, 36).

4 Extended Marching Cubes

Evenif we areableto computeexact surfacesampleswith the di-
recteddistanceeld datastructurethemajorproblemwith ary dis-
cretizationof a distanceeld f remains.This is the occurrenceof
aliaseffectsat sharpfeaturesof the underlyingsurfaceS. In prin-
ciple, we could reducethe approximationerror of the surfaceS
extractedfrom the discretizedeld f by excessiely re ning the
grid cellsin the vicinity of the feature. However, the normalsof
the extractedsurface S will never cornverge to the normalsof S
(cf. Fig. 6).



Figure5: Thecenterandright surfacesaregeneratedby the MarchingCubesalgorithmappliedto the uniformly sampleddistanceeld of the
objectontheleft. In the center scalardistancevaluesare storedfor eachgrid point while on theright threedirecteddistancesrestoredto
enablesxactsurfacesampling.This reduceghealiaserrorsto a smallregion aroundthe feature.

Figure6: Alias errorsin surfaceggeneratedby the MarchingCubes
algorithmaredueto the x edsamplinggrid. By decreasinghegrid

size theeffectbecomedessandlessvisible dueto theconvergence
of S to S but the problemis not really solved sincethe normal
vectorsof S do notcorvergeto thenormalsof S.

Thereasorfor this behaior is the factthatthe standardMarch-
ing Cubesalgorithm computessurfacesampleson a globally uni-
form grid that cannotbe alignedto the featuresof the object. Lo-
cally adaptinghe samplinggrid to the featuresof anobjectis criti-
cal sincewe do notwantto losetheadwantageougropertief the
basicalgorithmlik e simplicity andef ciency.

Using higherorder approximantso the local surfacepatchin-
steadof piecevise linear meshesdoesnot improve the situation
sincethe sharpfeatureof anobject’s surfaceS areexactly theloca-
tionswherethe surfaceis not a differentiablemanifold.

However, whatwe cando s to useadditionallocal information
from thedistanceeld f andto extrapolatethebehaior of the sur
facenearthefeature.Figure7 depictsthe techniquen two dimen-
sions. Insteadof directly connectingthe intersectionpointsof the
contourwith the cell edgesyve additionallyusethe contournormal
to computea linearlocal approximation(tangentelemeny for each
intersectiorpoint. Thenintersectinghetwo tangents/ieldsanad-
ditional samplingpoint closeto thesharpfeature.If we includethis
additionalsampleinto our piecavise linear contourapproximation
we obtaina much betterreconstruction. A similar techniquefor
2-dimensionakontourcurve reconstructiorhasbeenproposedn
[38]. While their methodis basedon higherorderpolynomialin-
terpolantgo severalconsecutie samplepoints,we usehigherorder
datafrom onesinglesample.

This effect did not happenby chance.As we statedearlier the
surface/contounearasharpfeatureis notadifferentiablemanifold.
However, for reasonablgeometrionodels,we canatleastassume
thatthe surfaceis piecavisedifferentiable.Hence usingpointand
normalinformationto generate¢angentelementsyields good ap-
proximationson both sidesof the featureand the intersectionof
theseapproximationggives a good estimateof the actualfeature
position.

From approximatiortheorywe know thata piecevise linearin-

\
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Figure7: By usingpoint andnormalinformationon both sidesof
thesharpfeatureonecan nd agoodestimatefor thefeaturepoint
attheintersectiorof thetangentelements.

terpolantto asmoothsurfacecorvergeswith theorderO(h?) where
h measurethesamplingdensity In ourcasehis thesizeof thegrid
cell. If weuniformly re ne thegridh! h=2 we canexpecttheap-
proximationerror the be reducedto 1=4. However, in thosecells
with sharpfeaturesthe surfaceis not differentiableand hencethe
approximationorder dropsdown to O(h) which meansthe error
decreasemuchslower (in factproportionatto the grid size).

Usingthetangenelemengapproximationhowever, increaseshe
local convergencerate in thosefeaturecells since the (quadratic
order)approximatioris doneon bothsidesof thefeatureseparately
Of coursefor thisargumento bevalid we have to assumehatthere
is only onesharpfeaturewithin eachcell but, again thiswill bethe
casefor reasonablenodelsandsufcient grid re nement.

In our extendedMarching Cubesalgorithm we generalizethis
univariatefeaturepoint extrapolationtechniqueto surfaces.How-
ever, the situationis morecomplicatedsincedifferenttypesof fea-
tureshave to be handledin a differentmanner Thesetypesare
featue edgswheretwo smoothsurfaceregionsmeetalongasharp
featureline andcorneis wheremorethantwo smoothcomponents
meetor, equivalently wheremorethantwo featureedgesntersect.

Justlike the standardViarching Cubes the extendedalgorithm
processesachcell G« (h) separatelyFor eachcell we rst have
to checkif afeatureis presentandif yes, which type of feature
(cf. Fig. 8). This classi cationof the cellsis similar to the classi-

cation of cellsin the extendedoctreedatastructure[6] wherethe
leavesof anoctreefor a CSGmodelaretaggedasfacecells edge
cells andverte cellsrespectiely.

If the cell doesnot containa sharpfeature,we generatea local
triangle meshpatchby usingthe standardMarching Cubestable.
However, if afeatureis presentwe usethe gradientinformationat
theedgeintersectiorpointsto de ne localtangentlementsBased
on theseplaneswe computeonenev samplepoint closeto the ex-
pectedfeature.Insteadof usingthe standardriangulationwe gen-
eratea trianglefanwith the new vertex asits center

By this modi cation of the Marching Cubesalgorithmwe still



Figure8: Wheninsertingadditionalfeaturesamplesn somecells
during the extendedMarching Cubeswe distinguishbetweendif-
ferenttypesof featurecon gurations: edge featuesare shovn in
greenandcornerfeatuesin red.

usetheglobaluniform samplinggrid to computepointsonthe sur
faceShbut we includeadditionalsamplepointsin thosecellswhere
we expectsharpfeatures Hencewe combinetheadwantage ®f reg-
ulardatastructureswith the e xibility of adaptve sampling.Notice
thatfor typical CAD modelsthefeaturesamplingwill happeronly
in very few cellsalongthefeaturelines.

Figure9: The featuresensitve samplingin the extendedMarch-
ing Cubesalgorithmworks in threesteps. First, the cells/patches
that containa featureare identi ed (left). Thenonenev sample
is includedper cell (center)and nally oneroundof edge ipping
reconstructshefeatureedges.

Figure 9 shaws the differentstagesof the algorithm. Sincethe
featuresamplesreinsertednto themeshasthe centerof atriangle
fan without consideringneighboringcells, the triangle connecty-
ity of the resultingmeshdoesnot re ect the presencef features.
Hence,we have to apply a postprocessingtepto the meshwhere
someof the meshedgesare ipped. The ipping criterionis quite
simple: eachedgeis ipped if it will connecttwo featuresamples
after the ip. The edge ipping doesnot produceary undesired
sideeffectssincetherestrictionto onefeaturesamplepercell guar
anteegheir sufcient separationAfter the ipping, theedgescon-
necting featuresamplesprovide an explicit representatiorof the
featurelinesaspolygonswithin thetrianglemesh.In Figure1l0we
shaw theresultsof the extendedMiarchingCubesalgorithmfor the
samedatasethathasbeenusedin Figure5.

After this generaldescriptionof the algorithm, the remaining
technicaljuestionsre,how to dothefeatureclassi cationandhow
to computethe featuresamplepoint. Thereare differentwaysto
implementthis functionality Thesolutionsthatwe presenhereare
designedo not containary unintuitive parameteandto nd the
optimalpositionfor thefeaturesample.

4.1 Surface normals

Featuredetectionand samplingboth needadditionalinformation
aboutthesurfaceS. In additionto the positionof the samplepoints,

their normalvectorsarerequiredto constructthe local tangentel-
ements.We have shawvn in the lastsectionhow analternatve dis-
cretizationof thecontinuoudlistanceeld f yieldsexactpointsam-
ples. For the surfacenormalinformationwe have to exactly evalu-
atethegradientof thedistanceeld aswell.

Sincethe gradientinformationis only neededat the samplelo-
cations,we can evaluatethe gradientsin adwanceduring the dis-
cretizationof thedistanceeld. In ourimplementatiorwe storethe
gradientsn thesamedatastructure.

Implicit surfaces If ananalyticfunctionf is known for thesur
face S thenthe gradientcan be evaluatedexactly at any location.
For thiswe have to computethe derivativeswith respecto all three
coordinatesymbolically If thefunction f or its derivativesaretoo
complicatedhennumericalestimatedasedn divided differences
yield sufciently goodestimates.

Polygonal meshes Duringthe evaluationof the (directed)dis-
tanceto a polygonmeshwe nd the closestpointonthesurfaceas
aby-product.The normalizedvectorpointingfrom the querypoint
to thatclosestpointis the normalizedgradientof thedistanceeld.

For ourextendedVarchingCubesalgorithmwe have to evaluate
the gradientof the distancefunction only for samplepointslying
exactly on the surface S Hence,we can simply usethe normal
vectorof thattriangleon which the samplepointlies.

Point clouds Whencomputingthe distanceto a point cloud or
whenintersectinga ray with it, we replacethe scatteregointshby
tangentelementswvhich canbe consideredas small facetsmaking
up a polygonalsurface. Hencethe situationis quite similar to the
distanceeld computationgor polygonalmeshesWe nd thegra-
dientsfor the surfacesamplesby taking the normalvectorassoci-
atedwith the nearesscatteregoint.

Scalar distance elds In someapplicationsit might happen
that we get a discretizedscalarvalueddistance eld out of some
pre-processuchthatwe cannotaccesshe original continuoudis-
tancefunctionf. In thiscasewe haveto estimatehegradientfrom
thescalardistancevaluesatthegrid points.

Therearetwo possibilities: the rst is to computethe gradient
of the tri-linear interpolant,the secondis to estimatethe gradient
in eachgrid point by divided differencesusing neighboringgrid
points. Thesegrid point gradientscanthenbe interpolatedwithin
eachcell.

It is not obvious which methodis superiorto the other The
secondechniqueguaranteea continuougyradienteld (whichthe
rst methoddoesnot) but dueto the larger supportof the divided
differenceoperatomwve canobsere a blurring effect onthegradient
eld which makesthedetectionof sharpfeaturesmoredif cult.

4.2 Feature detection

of anoctreecell C;j.x(h) with thesurfaceSde nedby f(x;y,2) = 0.
If the constellationof the edge/suidceintersectionindicates(ac-
cordingto the standardMarching Cubestable) the occurrenceof
morethanoneconnectedomponenthenwe assumehatthes; are
asubsebdf theedgeintersectiorthatbelongto thesamecomponent.
Theselectionof the s is donebasedon the MarchingCubestable.
In cells with several unconnectedtomponentwe apply the edge
detectionandfeaturesamplingfor eachcomponenseparately
Let nj betheunit surfacesnormalsof Sats, i.e.,thenormalized
gradientsof f. Ourgoalis to detectif the surfacepatchof Scorre-
spondingo thesampless containsa sharpfeature.Onesimplebut



Figure10: Theoriginal objectontheleft is corvertedinto a volumerepresentatiowith the sameresolutionasin Fig. 5. In the centerandon
theright we appliedtheextendedviarchingCubesalgorithmwith featuresensitve sampling. Thenecessargradientinformationis estimated
from thediscretescalardistanceeld in the centerandevaluatedfrom the original distanceeld ontheright. The resultof the combination
of thedirecteddistanceeld with theextendedMarchingCubesalgorithmis indistinguishabldrom theoriginal.

quite effective heuristicto do this is to computethe openingangle
of thenormalconespannedy then;. If

q := mingj (n{ nj)

is smallerthan somethresholdgsharp then we expectthe surface
to have a sharpfeature. Let ng andn; be the two normalswhich
enclosehelargestangleandn = ng ny bethenormalvectorto
theplanespannedy ng andn;.

Next, we have to determindf thedetectedeatureis asharpedge
or if it is acornerpoint. For this we estimatehe maximumdevia-
tion of thenormalsn; from theplanespannedy ng andn;, i.e.,we
compute

j = maxjninj

andtestif it is greaterthansomethresholdj cormer Thesesimple
criteria proved to be quite effective in all applicationsreportedin
Section5. Thetwo parametersisharpandj comerarevery intuitive
sincethey canbe consideredasthresholdanglesthat measurghe
sharpnesef afeature.Thethresholdjsharpcanbe choseruitebig,
say(sharp= 0:9, if the gradientdatais not too noisy For stability
reasonsn the subsequentalculations however, it is advisableto
choosethe cornerthresholdj corer big enough,sayj corner= 0:7,
to reducethenumberof erroneouglassi cations.Thisis necessary
to distinguishbetweensharpcornersand curved featurelines. In
all our experimentsthe featuredetectionworked robustly without
beingtoo sensitve to the particularchoiceof thethresholdparame-
ters. Artif actscanonly occurif edgefeaturesarewrongly classi ed
ascornerg(cf. next section).

4.3 Feature sampling

Oncewe have the classi cation of the currentcell C;;j(h) asa
featureline (9 < Osharp]  J comep OF @sa cornercon guration

(d< Osharp) > ] corne) We try to nd a samplepoint as closeas
possibleto the feature. As explainedabore we generatea tangent
elementfor eachsamples with its normal n; and placethe fea-
ture sampleat theintersectiorof all tangentelementsi.e., the new

samplep solvesthelinearsystem

oo™ p = [oonl sl (1)

In generalthis systemis overdeterminedsince we usually have
morethanthreeedgeintersectionsn eachcell C;;j.(h). However,
at featureedgest canalsohapperthatthis systemis underdeter
minedsinceat a perfectfeatureedge,the tangentelementds;; nj]
areall sampledrom two differentplanesandhencethe matrix of
normalvectorshasonly ranktwo.

To avoid the handlingof specialcaseswe thereforesolwe the
system(1) with the pseudo-imersebasecdon the singularvaluede-
compositionof N = [:::;n;;:::]7 [16]. If the featureis classi ed
ascornerthenthisis avery stableway to computethe optimalfea-
ture samplepointin theleastsquaresensej.e. we nd the point
p wherethe average(squaredyeviation from all tangentelements
takesonits minimum.

If the featureis classi ed asan edgewe expectone of the sin-
gular valuesto vanishsincethe (straight)featureline lies in both
tangentplanes.However on realdatathis will almostnever happen
sincethe gradientsamplesmight be affectedby arithmeticnoise,
the surfacesnearthe featuremight be curved, or the featureline
might be curved itself. Sincethe anglecriteriausedfor the classi-
cation decidedfor a featureedgecon guration, we thereforeset
thesmallessingularvalueof N explicitly to zerothusenforcingthe
properstructureof the (now) rankde cient system(1). By thiswe
suppresshein uence of thosenormalvectorswhich stronglydevi-
atefrom the planespannedy ng andn; andstabilizethe solution
of (1). Mis-classifyinganedgefeatureasa cornerandconsequently
not settingthe smallestsingularvalueto zero,canleadto badesti-
matesfor p.

The pseudo-imerseof the modi ed matrix N will leadto the
leastnormsolutionof theunderdeterminedystemj.e. we nd that
point p on the featureline which is closestto the origin. In order
to guarantee¢hatthis pointliesin areasonableon gurationto the
sampless we apply a coordinatetransformto the sampleshefoe
settingup the system(1) suchthattheir centerof gravity liesin the
origin.

Remarks We describedhefeaturesamplingprocedureasatwo
stepprocess.First the featureis classi ed by the openingangles
of the normalcone. Thenthe tangentplaneintersectionin solved
basedn thesingularvaluedecompositiorof the normalmatrix N.
It is temptingto try to readoff thefeatureclassi cationof thelocal
con guration directly from the magnitudeof the singularvalues.
Howeverit turnsoutthatthisis avery unreliablecriterionsincethe
singularvaluesnot only dependnthe anglesbetweerthe normals
but alsoon their distribution.

If afeatureedgepasseshrougha cell C;;j.(h) we canhave up
to sevenintersectionpointsbelongingto the samesurfacecompo-
nentfor which we want to computeone additional featuresam-
ple. A priori we do not have ary information abouthov mary
of thosesampleslie on either side of the feature. This makes
the singularvalue classi cation quite unreliablesince the matrix
[ng; no; No; no; np; N1] hasa very different singularvalue distribu-
tion thanthe matrix [ng; Ng; Ng; N1; N1; N1].



5 Applications

In orderto demonstratehe effectivenessof our new surface ex-
tractionschemewe will point out differentapplications.In princi-
ple, the extendedMarching Cubescanalwaysreplacethe original
MarchingCubesalgorithmsinceit hasthe samealgorithmicstruc-
tureandprocessethe sametypeof inputdata.If thedistanceeld
gradientcannotbe evaluatedat the samplepoints,they canbe es-
timatedfrom thetri-linear interpolant(cf. Sect.4.1).
OlviouslythestandardMarchingCubesschemawill alwaysout-
performour extendedversionsincewe have to do moreinvolved
computationdor every cell. However, the featuresamplinghasto
be doneonly in thosecellswherea featurecon guration hasbeen
detectedrom the normalconeandtheir numbemwill increaseonly
linearlywith there nementwhile thetotalnumberof cellsthatcon-
tain a pieceof the surfacegrows quadratically Moreover, we ob-
senedthatthe necessarye nementlevels for a given accuray is
often lower with the extendedMarching Cubesalgorithmbecause
thefeaturesamplingreduceghe approximatiorerrorsigni cantly.
The following table shavs the relevant parametersfor the
modelsdepictedin this section. The executiontimesincludeonly
the runningtimesfor the standardand extendedMarching Cubes,
respectiely. The(directed)distanceelds andgradientshave been
generatedn a pre-process. The triangle countis always higher
for the extendedMarching Cubessincewe alwayschosethe same
re nementlevel for both algorithms— althoughthe approximation
errorturnedoutto bemuchlowerfor theextendedViarchingCubes.

standardMC | extendedVIC

secs KkTris | secs KkTris
CSG(Fig. 11) 403 105 | 548 117
FanDisk (Fig. 1) 067 19 | 140 21
Max Planck(Fig.14) | 2.77 74 | 3.31 79
CAD (Fig. 15) 1.69 48 2.4 54

Figure 11: This gure shavs a CSG example wherethe hollow
lettersaresubtractedrom a cube-shapebaseobject. Directeddis-
tancesand surface normalsare derived directly from the volume
representationf the individual parts. The right imageshaws the
piecesthat are generatedn the interior of the cubeby the three
cuts.

5.1 CSG modeling

The classicalapplicationareafor volumerepresentationis the de-
signof solid objectshy booleanoperationsEvery operationcanbe
performedby simplecomparisorof the distancevaluesat the grid
points. Thisalsoholdsfor thedirecteddistanceeld representation.

In ourimplementatiorwe usethe extendedViarchingCubesfor
themeshgeneratiorfrom a CSGmodel. Featuresensitve sampling
is very importantin this contet sincethe sharpedgesandcorners
indicateintersectionsof basicobjectsandcarry signi cant design
information(cf. Fig. 11).

A very importantpracticalapplicationof this techniqueis the
simulationof milling processesA milling tool is tracedalonga
pathandits ernvelopesurfacehasto be generatedThis application
is very demandindor the solid modelingtool sincethe ervelope
surfaceusuallyintersectstself mary times. The sharpridgesthat
arecharacteristi¢or surfacesgeneratedby a milling machinecarry
crucialinformationbecausehey areusedto ratethe quality of the
NC program(cf. Fig. 12).

Figure12: Herewe shaw the resultof a milling simulation. The
volumerepresentationf the milling tool's envelopehasbeengen-
eratedwith boolean“join” operationsappliedto instancesof the
milling tool at differenttime steps. Sincethe path of the milling

tool is piecaviselinear, theervelopecanbeconstructedrom cylin-

dersandspheresThe upperimageshaws the surfaceextractedby

the standardVIC algorithm, the lower image shavs the extended
MC surface. The sharpridgesarebettervisible dueto the clearly
reducedalias.

5.2 Surface reconstruction

One well-establishedechniqueto reconstructa polygonal mesh
modelfrom anunstructurectloud of pointsis to estimatea signed
distancefunction and then apply the Marching Cubesalgorithm
[7, 17]. As we shaved in Section3.11it is alsopossibleto com-
putedirecteddistancesandgradientinformationfrom point clouds
if normalvectorsareavailablefor the scatteregboints.We shav an
examplesurfacereconstructedrom a datasetwith 200K pointsin

Fig. 13.

Sincescatteredpoint datasetsoften comefrom a 3D scanning
device, they areusuallydisturbedby noisewhich affectsthequality
of the resulting3D models. Mary optimizationtechniqueshave
beenproposedo improve the smoothnessf polygonalmodelsby
applyinglocal lter operationg8, 27, 41].

Formesheshatwe generatedavith theextendedVarchingCubes
algorithm, we not only have the pure geometricinformation but
we additionally have somemeshverticestaggedas featurepoints
andsomeedgegconnectingwo featurepoints)classi ed assharp



Figure 13: Trianglemeshreconstructiorfrom a 3D scanof a bust.
Theoriginal datasetonsistof 200K scatteregoints. Ontheleft

we shaw theresultby thestandardC andontherighttheextended
marchingcubes. Theright modelis lessblurred and shavs much
moredetailsaroundthe mouth.

featureedges.We canexploit this informationto furtherimprove
the surfacequality in the smoothingstepby applyinga univariate
smoothingschemeto the featurelines and a bivariate smoothing
schemeo thenon-featurareasIf wedisallow tangeninformation
to propagatacrosgeaturelineswe canevenenhancehesharpness
of thefeatures Figure14 shavs anexample.

Figure14: Theleft imageshav theresultof the extendedMC ap-

pliedto a pointcloud. If we low passlter the meshby takingthe

featureinformationinto accountwe obtainthe resulton the right.

All sharpfeaturesarewell preseredwhile in thenon-featurareas,
noiseis effectively removed.

5.3 Remeshing

Polygonalmesheghataregeneratedt someintermediatestageof
anindustrial CAD proces®ftenhave abadquality. Degenerateri-
anglesandtopologicalinconsistenciemale it dif cult to usesuch
modelsin ary downstreamapplication.To make this dataaccessi-
ble to otherapplicationghanmeredisplay we have to corvert the
modelsinto enhancedesselationsf the samegeometrythatguar
antee.e.g.,boundson the aspectatio of the triangularfaces.This
resamplingproceduras usuallycalledremeshing10, 29].

We converteda CAD modelinto a volume representatiorby
samplingits distance eld on a uniform grid. Applying the ex-
tendedViarchingCubesalgorithmto this volumegivesaremeshed
versionof the original with a uniform vertex distribution.

Oneapparendravbackof Marching Cubestechniquesn gen-
eralis the uniform samplingdensitywhich doesnot take the local

Figure15: Remeshingf a polygonalmesh. The uppermeshhas
beengeneratedrom a CAD modelandhasa very baddistribution
of triangles.We sampledhedistanceeld for themodelona[129°3
grid and reconstructedhe surface by the standardViC algorithm
(secondmage).Theactualresolutionof thevolumerepresentation
canbe seefrom the sizesof the artifactsin the reconstructedur
face.In thethird imagewe shav our extendedMIC result.All sharp
featuresarereconstructedorrectly (Qsharp= 0:9). The lower im-
ageshaws theresultof a featureline preservingmeshdecimation
algorithm(errortolerancel %).

surfacecurvatureinto account. Mary approachefiave beenpro-
posedto control the meshcompleity by adaptve octreedescent
with sophisticatede nementcriteria[20, 37].

Similarto thefeaturesensitve smoothingwe canexploit thefea-
tureinformationin the extendedViarchingCubesoutputto control
thebehaior of a meshdecimationpost-processin ourimplemen-
tationwe usea meshdecimationschemehatis basecon edgecol-
lapsing[14, 19, 28]. Featureverticesare not allowed to change
their positionduring an edgecollapseunlessthe collapsededgeis
afeatureedge By thiswe obtaineffectively decimatednesheshat
presere mostof therelevantfeatureinformation(cf. Fig. 15).



6 Conclusions and future directions

We presentedh nev meshgeneratiorntechniquewhich converts a
distanceeld representatiomf a geometricmodelinto a polygo-
nal meshrepresentationBasedon the Marching Cubesparadigm
we derived anextendedalgorithmthatis ableto reliably detectand
classifysharpfeatureregionson the surfaceandto accuratelysam-
ple thesefeaturesn orderto reducealiasartifacts.

For the standardViarching Cubestherearegeneralizationshat
canbeappliedto adaptvely re ned balancedctreeq20, 37]. The
problemhereisto x thegapsthatappeain areasvherecellsfrom
differentre nement levels meet. We are planningto modify the
extendedMarching Cubessuchthat balancedoctreescan be pro-
cessediswell. Currently we do useadaptvely re ned octreesbut
ourre nementcriterionalwaysguaranteethatthe“crust” contain-
ing theactualsurfaceis re ned down to the nest level.

Finally, we did not optimizeour extendedViarchingCubescode
for computatiorspeed.In principle therewould be plenty of room
for improvementsin variousalgorithmic stepsof our currentim-
plementation.However, we are aiming at a parallelizationof the
algorithm. Crucialdif culties arenotto beexpectedsincethealgo-
rithm processegachcell individually (like the standardvarching
Cubes)andhenceparallelizationshouldbe straightforvard.
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